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S u m m a r y .  A o n e - l o c u s  " o p e r a t o r "  f o r  a y o u n g e r  p a r e n t - o f f s p r i n g  i n b r e e d i n g  s y s t e m  i s  o b t a i n e d  by  a 
g e n e r a t i o n  m a t r i x  m e t h o d  in  w h i c h  14 " c l a s s e s "  of  m a t i n g s  a r e  d e f i n e d .  The e i g e n v a l u e s  a n d  a s e t  of  
e i g e n v e c t o r s  f o r  t he  g e n e r a t i o n  m a t r i x  and ,  a l s o ,  t h e  g e n e r a l  s o l u t i o n  fo r  t he  f r e q u e n c i e s  of  m a t i n g  
c l a s s e s  a m o n g  d e s c e n d a n t s  of  a n  o r i g i n a l  m a t i n g  of  g e n o t y p e s  a b  • c d  a r e  g i v e n .  The o p e r a t o r  g i v e s  t he  
g e n o t y p i c  a r r a y  of  d e s c e n d a n t s  of  a g i v e n  m a t i n g  a n  a r b i t r a r y  n u m b e r  of  g e n e r a t i o n s  l a t e r .  U s i n g  t h i s  
o p e r a t o r ,  a n  a l g o r i t h m  i s  d e v e l o p e d  fo r  c a l c u l a t i n g  i d e n t i t y  c o e f f i c i e n t s  b e t w e e n  any  two r e l a t i v e s  in  a 
p o s s i b l y  b r a n c h i n g  y o u n g e r  p a r e n t - o f f s p r i n g  m a t i n g  s y s t e m .  A p p l i c a t i o n  to o b t a i n i n g  c o v a r i a n c e s  b e t w e e n  
r e l a t i v e s  f o r  a o n e - l o c u s  m o d e l  i s  i l l u s t r a t e d .  

I n t r o d u c t i o n  

In p l a n t  o r  a n i m a l  b r e e d i n g  p r o g r a m s  w h i c h  u t i l i z e  i n -  

b r e d  l i n e s ,  a n  i m p o r t a n t  c o n s i d e r a t i o n  i s  the  m e t h o d  of  

i n b r e e d i n g  u s e d  to o b t a i n  t h e  l i n e s .  O r d i n a r i l y  t he  b r e e d -  

e r  wil l  wan t  to  do s o m e  s e l e c t i o n  d u r i n g  t h e  i n b r e e d i n g  

p r o c e s s .  T h e r e f o r e ,  p r e d i c t i o n s  of  r e s p o n s e  to s e l e c t i o n  

u n d e r  v a r i o u s  i n b r e e d i n g  s y s t e m s  would  be  a n  i m p o r t a n t  

c o n s i d e r a t i o n  in  c h o o s i n g  a n  i n b r e e d i n g  s y s t e m .  P r e d i c  ~ 

t i o n s  of  r e s p o n s e  to s e l e c t i o n  u n d e r  s e l f i n g  and  f u l l - s i b  

m a t i n g  in m a i z e  ( Zea rnays L. ) w e r e  m a d e  by  C o r n e l i u s  

( 1 9 7 2 )  u s i n g  m e t h o d s  w h i c h  d e p e n d  on  c o v a r i a n c e s  b e -  

t w e e n  i n d i v i d u a l s  in  t he  g e n e r a t i o n  of  a p p l i e d  s e l e c t i o n  

a n d  in t h e  g e n e r a t i o n  in  w h i c h  i t  i s  h o p e d  to o b s e r v e  a 

r e s p o n s e  to t h e  p r i o r  s e l e c t i o n .  In s o m e  c a s e s  t h e s e  

m a y  b e  s e v e r a l  g e n e r a t i o n s  a p a r t .  The m a t h e m a t i c a l  e x -  

p r e s s i o n s  f o r  the  c o v a r i a n c e s  d e p e n d  o n  p r o b a b i l i t i e s  

( c o e f f i c i e n t s  of  i d e n t i t y )  of  a l l e l e s  b e i n g  a l i k e  by  d e s -  

c e n t  in  the  i n d i v i d u a l s  c o n c e r n e d  ( C o c k e r h a m ,  1971;  

G i l l o i s ,  1965;  H a r r i s ,  1 9 6 4 ) .  

P a r e n t - o f f s p r i n g  i n b r e e d i n g  (wi th  m a t i n g  of  o f f s p r i n g  

a l w a y s  to t h e  y o u n g e r  p a r e n t )  i s  i m p o s s i b l e  in  a n  a n n u -  

al  p l a n t  s p e c i e s  s u c h  a s  m a i z e ,  but  c o u l d  be  u s e d  wi th  

a n  a n i m a l  s p e c i e s  o r  a p e r e n n i a l  p l a n t  s p e c i e s .  Th i s  p a -  

p e r  d e a l s  wi th  o b t a i n i n g  t he  i d e n t i t y  c o e f f i c i e n t s  a n d c o -  

v a r i a n c e s  f o r  any  g i v e n  p a i r  of  r e l a t i v e s  in  a y o u n g e r  

p a r e n t - o f f s p r i n g  i n b r e e d i n g  s y s t e m .  

T h e r e  a r e  15 p o s s i b l e  " i d e n t i t y  s t a t e s ' / ( G i l l o i s ,  1965)  

of  a l l e l i c  g e n e s  of  i n b r e d  r e l a t i v e s .  F o r  m o s t  a p p l i c a ,  

t i o n s ,  h o w e v e r ,  i t  i s  s u f f i c i e n t  to d e f i n e  n i n e  " c o n d e h  ~ 

* J o u r n a l  a r t i c l e  ( 7 4 - 3 - 7 3 )  of  t h e  K e n t u c k y  A g r i c u l t u r a l  
E x p e r i m e n t  S t a t i o n  p u b l i s h e d  wi th  a p p r o v a l  of  t h e  D i -  
r e c t o r .  

sed identity states" ( Jacquard, 1972 ; Harris, 1964 ; Cocker- 

ham, 1971)which, for inbred relatives X and Y, wemay 

formalize as follows: 

I d e n t i t y  S t a t e  P r o b a b i l i t y  

X Y ( I d e n t i t y  c o e f f i c i e n t )  

aa aa 81 

aa bb 52 

aa ab 53 

aa bc 64 ' 

ab aa 5 5 
bc aa 56 

ab ab 57 

ab ac 88 

ab cd 69 

In the designation of an: identity state, the allele rep- 

resented by a given letter is arbitrary, letters which are 

the same indicate genes which are identical by descent, 

and unlike letters represent genes which are not identi- 

.cal bydescent (but may or may .not be alike in state). Ge- 

neral procedures for calculating the identity coefficients 

have been suggested by Harris (1964), Cockerham (1971), 

.Jacquard ( 1966), and Nadot and Vaysseix ( 1973 ). In reg- 

ular systems of inbreeding, for cases where X and Y, 

have the same relationship as mated individuals, obtain- 

ing their identity Coefficients is just a reformulation of 

the generation matrix problem applied to mating types : 

(Fisher, 1965; Kempthorne, 1957, Ch.6). 

Kempthorne (1963), in discussing the role of system 

of mating in determining means, variances and covar- 

lances in genetic populations, introduced the concept of 
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an "operator" for a particular mating system and gave 

explicit expressions for random mating and selling oper- 

ator. The operator when applied to a genotype or set of 

genotypes generates the array of progeny. When applied 

m times, i.e., to the ruth power, the operator gene- 

rates the array of progeny after m generations of the 

particular system. If one obtains the appropriate oper- 

ator for a given system of inbreeding, a simplified pro- 

cedure can be developed for obtaining identity coefficients 

for any relatives in the given system. This was done by 

Cornelius and Dudley (1975)forthe case of full-sib mat- 

ing. 

The explicit  express ion  for the mth power of a full- 

sib mating opera to r  may be writ ten 

F s m  (ab X cd)  = Fm+l~ ' l  + (Fro+ 1 - F m ) Z 2  + (1 +F m 

- 2Fm+l)~ 3 (1) 

where 

~1 = (aa + bb + CC + dd)/4 

~2 = (ab + cd)/2 

~3 = (ac + ad + bc + bd)/4 

and F m is the coefficient of inbreeding in the ruth gen- 

eration given by 

F 0 =0  

F 1 =0  

F m = (1 + Fm_  2 + 2Fm_l)/4, m1> 2. (2) 

In (1) the argument, ab X cd, is intended to mean that 

the operator is applied to the family generated by that 

mating. 

Horner(1956) derived expressions for the covarian- 

ces of parent andoffspring and of full-sibs under younger 

parent-offspring inbreeding for a one-locus model re- 

stricted to two alleles at the locus. These cevariances 

for the case of multiple alleles could readily be obtained 

from Fisher's (1965) work, but to obtain covariances be- 

tween more distant relatives, such as grandparent-grand- 

offspring, uncle-nephew, or cousins in a branching sys- 

tem, a simple procedure for obtaining identity coeffi- 

cients for any relatives in the system is useful. 

This paper extends the methods of Cornelius and Dud- 

ley (1975) to the case of younger parent-offspring in- 

breeding and to a more general class of identity coeffi- 

cients. (The previous paper dealt only with a set of 5 

condensed coefficients necessary to obtain covariances 

between relatives. ) The operator analogous to (I) is ob- 

tained and applied to the calculation of identity coeffi- 

cients and obtaining covariances between any relatives 

in the system. The genotypic distribution of matings 

among descendants of a given initial mating is also ob- 

tained. 

Derivation of the Younger Parent-Offspring Mating 

Operator 

We presume that in generation zero all matings are at 

random and, thereafter, one (or more, thus allowing 

the system to branch) randomly chosen offspring is (are) 

always mated to the younger parent. In generation zero, 

which parent is actually younger is irrelevant, but we 

will define the "younger" generation zero parent to be 

the one chosen to be used again in generation I. Let a 

given generation zero mating be designated ab • cd, and 

let ab be the genotype of the "younger" parent. 

For the case of sib-mating, Cornelius and Dudley de- 

fined three sets of genotypes involving the genes a, b, 

c and d: 

z I = {aa, bb, cc,  dd} 

z 2 = {ab, cd} 

z 3 = {ac, ad, bc, bd~. 

For the parent-offspring case, it will be necessary to 

partition sets z I and z 2 into disjoint subsets as follows: 

Zll : {aa, bb/ 

z12 = {cc, dd} 

z21 = {ab} 

Z22 = {cd}. 

Thisleadsto the ~llowing ~rmal expression ofgenotypic 

arrays: 

~11 = (aa  + b b ) / 2  

~12 = (cc + d d ) / 2  

~21 = ab 

z22 = cd 

~3 = (ac + ad +bc + b d ) / 4  



P . L .  C o r n e l i u s :  Iden t i ty  C o e f f i c i e n t s  and C o v a r i a n c e s  b e t w e e n  R e l a t i v e s  203 

Table  1. S y m b o l i c  e x p r e s s i o n  of m a t i n g  c l a s s e s  u n d e r  p a r e n t  o f f s p r i n g  i n -  
b r e e d i n g ,  t h e i r  f r e q u e n c i e s ,  and geno typ ic  a r r a y s  of  o f f s p r i n g  

Y o u n g e r  O l d e r  
P a r e n t  P a r e n t  F r e q u e n c y  

G e n o t y p i c  A r r a y  of  Of f -  
s p r i n g  f r o m  All  Ma t ings  
of  Given  C l a s s  

1. i i  a Z l l  ~ i i ~  r Z l l  f l  Z l l  

2. i i  r z12 i i  r z12 f2 z12 

3. i j  s z21 ij  r z21 f3 ( Z l l  + z 2 1 ) / 2  

4. ij r z 3 ij r z 3 f4 ( Z l l  + z 1 2  + 2 z 3 ) / 4  

5. i i r  Z l l  i j  r z21 f5 (~11 +~21  ) / 2  

6. i i  ~ Z l l  i j  r z 3 f6 (~11 + ~3 ) / 2  

7. i i  r z12 ij  ~ z 3 f7 (z12  + z 3 ) / 2  

8.  ij e z21 ii e Zll f8 (Ell + Ezl)/z 

9. ij  ~ z 3 ii  r Z l l  f9 ( Z l l  + E 3 ) / 2  

10. ij ~ z 3 i i  ~ z12 flO (~12 + ~3 ) / 2  

11. i j  r z21 ik ~ z 3 f l l  ( Z l l  + z21 + 2 z 3 ) / 4  

12. ij ~ z 3 ik ~ z 3 f12 (~12 + z-21 + 2 ~ 3 ) / 4  

13. ij r z 3 ik ~ z21 f13 ( Z l l  + z21 + 2 z 3 ) / 4  

14. ij ~ z21 k~ ~ z22 f14 ~3 

The s y m b o l  e i s  u s e d  to i n d i c a t e  to which  se t  a geno type  be longs  and 
m a y  be  r e a d  " i s  i n " .  F o r  d e f i n i t o n o f z l l ,  Z l2  ~ z21 , z 2 2  and z3,  
s e e  t e x t .  

~*~ L e t t e r s  in c o m m o n  in y o u n g e r  and o l d e r  p a r e n t  g e n o t y p e s  i n d i c a t e  
i den t i t y  s i t u a t i o n s  b e t w e e n  the  two p a r e n t s ,  e . g . ,  Mat ing  C l a s s  1 
c o n s i s t s  of  m a t i n g s  of  i d e n t i c a l  h o m o z y g o t e s  (by d e s c e n t )  sub j ec t  
to the  r e s t r i c t i o n  that  th i s  h o m o z y g o u s  gen0 type  is  in se t  z11 .  

C o r n e l i u s  and Dudley  subd iv ided  F i s h e r ' s  (1965,  p .  

23) s e v e n  m a t i n g  types~  into 13 c l a s s e s ,  such  that  the  

v a r i o u s  p o s s i b l e  m a t i n g s  wi th in  any g i v e n  c l a s s  a r e  a l -  

ways  e q u a l l y  f r e q u e n t ,  but m a t i n g s  which a r e  of  the  

s a m e  type ,  but in d i f f e r e n t  c l a s s e s  o c c u r  with d i f f e r i n g  

f r e q u e n c y .  F o r  the  p a r e n t - o f f s p r i n g  c a s e  t h e r e  a r e  14 

c l a s s e s  of  m a t i n g s  (Table 1 ) .  Mat ing  C l a s s e s  1 and 2 

both c o n f o r m  to F i s h e r ' s  (1965,  p .  58) m a t i n g  type  

a a x a a ;  i . e . ,  C l a s s e s  1 and 2 a r e  d i s j o in t  s e t s  of  m a t -  

i ngs  o f  type  a a  • a a ;  C l a s s e s  3 and 4 a r e  d i s j o in t  s e t s  

of type  ab  x ab ;  C l a s s e s  5, 6 and 7 a r e  d i s j o i n t  s e t s  of  

type  aa  • ab ;  C l a s s e s  8, 9 and 10 a r e  d i s j o i n t  s e t s  Of 

type  ab • a a ;  C l a s s e s  1 1 ,  12 and 13 a r e  d i s j o in t  s e t s  

of  type  ab • a c .  C l a s s  14 c o n s i s t s  on ly  of  the  g i v e n  g e n -  

e r a t i o n  z e r o  m a t i n g  ab x cd  and cannot  o c c u r  in any  l a t -  

er generation. It should be noted that Class 12 consists 

of only 2 possible matings, ac • bc and ad • bd, the 

mating ac • ad, for example, is impossible because aft- 

er generation zero the genes c and d can never again 

come together in the same mating. Also, the genotype 

cd can never reappear, so the only need to define the set 

z22 is to characterize Class 14 and to obtain identity co- 

efficients of descendents with the generation zero "older" 

parent. 

Let f(m) be the frequency of the ith n/ating class in 
1 

generation m, and let 

= ' -2 ' ' ' ' '  f14  ' 

be the column vector of these frequencies. Then 

f(m) _ Amf(0) 
* Fisher's original concept of matingtype was notbased -, 

onthe concept of identity by descent. However, his 
work is valid regardless of' whether the mating types 
represent situations of identity or merely situations of where A is the 14 x 14 generation matrix (Table 2) and 
alikeness in state of genes i n individuals mated, Through- 
out this paper a mating type should be regarded as a f(0) 
situation of identity. = [0,0,0,0,0,0,0,0,0,0,0,0,0,I]' , 
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T a b l e  2.  G e n e r a t i o n  m a t r i x  ( f r e q u e n c i e s  of  g e n e r a t i o n  m m a t i n g  c l a s s e s  a m o n g  o f f s p r i n g  
of  a g i v e n  g e n e r a t i o n  m - 1  m a t i n g  c l a s s )  

G e n e r a t i o n  m - 1  M a t i n g  C l a s s  
G e n e r a t i o n  m 
M a t i n g  C l a s s  1 2 3 4 5 6 7 8 9 10 11 1 2  13 14 

1 1 0 0 0 1 / 2  1 / 2  0 0 0 0 0 0 0 0 
2 o 1 o o o o 1 / 2  o o o o o o o 
3 0 0 1/2 0 0 0 0 1/2 0 0 I/4 0 0 0 
4 0 0 0 1/2 0 0 0 0 1 / 2  1/2 0 114 114 0 
5 0 0 1 / 2  0 0 0 0 1 / 2  0 0 1 /4  0 0 0 
6 0 0 0 1 / 4  0 0 0 0 1 / 2  0 0 0 1 /4  0 
7 0 0 0 1 / 4  0 0 0 0 0 1/2 0 1 /4  0 0 
8 0 0 0 0 1 /2  0 0 0 0 0 0 0 0 0 
9 0 0 0 0 0 1 /2  0 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 1 /2  0 0 0 0 0 0 0 
11 0 0 0 0 0 0 0 0 0 0 0 1 / 4  1 /4  0 
12 0 0 0 0 0 0 0 0 0 0 0 1 / 4  1 /4  0 
13 0 0 0 0 0 0 0 0 0 0 1 / 2  0 0 1 
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

T a b l e  3. E i g e n v a l u e s  of  A and  a s o l u t i o n  fOr g ( 0 )  and  C -1 f o r  p a r e n t - o f f s p r i n g  i n b r e e d i n g  g e n e r a t i o n  m a t r i x  

C o l u m n  of  C -1 

E i g e n v a l u e  g ( 0 )  1 2 3 ( 4 )  ~ 5 ( 6 )  ~ 7 8 9 10 11 12 13 14 

1 1 2 / 3  - 1 / 6  - ( 1 + * ) / 5  ( 1 - 4 , ) / 5  - 1 / 4  - 1 / 1 2  0 0 1 / 2  0 
1 0 1 / 3  1 / 6  - ( 1  + , ) / 5  0 1/4 1 / 1 2  0 0 0 0 

* ~  2 0 0 0 2 ( 3 , - 2 ) / 5  0 0 1 0 - 1 / 6  - 1 / 3  
*' 2 0 0 (3 - 2,)/5 0 0 0 0 1 -I/3 I/3 
* 1 0 0 0 2 ( 3 , - 2 ) / 5  0 0 0 0 - 1 / 6  - 1 / 3  
*' 1 0 0 (3 - 2 , ) / 1 0  0 1 /4  1 /4  0 0 - 1 / 3  1 /3  

1 / 2  2 0 0 ( 3 - 2 , ) / 1 0  0 -1 /4  -1 /4  0 0 0 0 
- 1 /2  2 0 0 0 (7 - 8* ) /5  0 0 -1 0 -1 /6  2/3 

0 0 0 0 ( 3 , - 2 ) / 5  0 1 /4  - 1 / 4  0 - 1 / 2  - 1 / 3  - 2 / 3  
0 0 0 0 (3~ - 2 ) / 5  0 -1/4 1 /4  0 - 1 / 2  0 0 

1/2 2 0 0 0 0 0 0 0 0 1/3 -1 /3  
- 1 / 4  -4  0 0 0 0 0 0 0 0 1 / 3  - 1 / 3  

0 �9 0 0 0 0 0 0 0 0 0 I/3 2/3 
0 1 0 0 0 0 0 0 0 0 0 0 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 1 

- 1 / 2  -1  
1/2 1 

0 -2  
-1 - 2  

1 2 
0 1 

C o l u m n  4 c a n  be  o b t a i n e d  f r o m  c o l u m n  3 and  c o l u m n  6 f r o m  c o l u m n  5 by r e p l a c i n g  $ with  , ' .  

~* , : (1 + ~] '5)/4,  , '  = (1 - ~ ' ~ ) / 4 .  

s i n c e  t he  g i v e n  g e n e r a t i o n  z e r o  m a t i n g ,  by  d e f i n i t i o n ,  i s  
g \ 

i n  C l a s s  14.  To o b t a i n  a s o l u t i o n  f o r  f [ m ]  we n e e d  a 

t r a n s f o r m a t i o n  of  t h e  t ype  

f ( m )  : C - l g ( m  = C . I ( c A c - 1 ) m g ( 0 )  

w h e r e  CAC - 1  i s  d i a g o n a l .  S o l u t i o n s  f o r  C - 1 ,  g ( 0 )  and  

t he  d i a g o n a l  e l e m e n t s  of  CAC -1 ( w h i c h  a r e  the  e i g e n -  

v a l u e s  of  A) a r e  g i v e n  in  T a b l e  3.  The r e s u l t i n g  g e n e r a l  

s o l u t i o n s  f o r  t h e  e l e m e n t s  of  f ( m )  a r e  in  Tab le  4.  

C o r n e l i u s  a n d  DUdley ( 1 9 7 5 ) ,  in  a p p l y i n g  a s i m i l a r  

t e c h n i q u e  to t he  c a s e  of  s i b - m a t i n g ,  o b t a i n e d  a n  e i g e n -  

v a l u e ,  - 1 / 4 ,  w h i c h  i s  not  a n  e i g e n v a l u e  of  F i s h e r ' s  ( 1965,  

Ch .  I I I )  g e n e r a t i o n  m a t r i x  f o r  s i b - m a t i n g .  The s a m e  

t h i n g  h a p p e n s  in t he  p r e s e n t  c a s e ,  i . e . ,  an  e i g e n v a l u e ,  

- 1 / 4 ,  i s  found wh ich  i s  not  a n  e i g e n v a l u e  of  F i s h e r ' s  

(1965 ,  S e c t i o n  18) ( o r  H o r n e r ' s  ( 1956 ) )  g e n e r a t i o n  m a -  

t r i x  f o r  p a r e n t - o f f s p r i n g  i n b r e e d i n g .  This  i n d i c a t e s  t ha t  

t he  14 • 14 m a t r i x  c o n t a i n s  i n f o r m a t i o n  c o n c e r n i n g  t he  

s t r u c t u r e  of  t he  m a t i n g  s y s t e m  w h i c h  i s  not  o b t a i n a b l e  

f r o m  F i s h e r ' s  w o r k .  

The d e s i r e d  o p e r a t o r  f o r  p a r e n t - o f f s p r i n g  i n b r e e d i n g  

p o w e r e d  m t i m e s  g e n e r a t e s  t he  g e n e r a t i o n  m + 1 g e n o -  

t y p i c  a r r a y  of  o f f s p r i n g  of  the  g i v e n  g e n e r a t i o n  z e r o  m a t -  

i n g .  This  i s  o b t a i n e d  by a p p l y i n g  t he  m a t i n g  c l a s s  f r e -  

q u e n c i e s  to the  g e n o t y p i c  a r r a y s  in  Tab le  1 a n d  c o l l e c t i n g  

t e r m s  in  ~ 1 1 '  ~12 '  ~21 '  and  ~3 '  g i v i n g  
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T a b l e  4. F r e q u e n c i e s  of  m a t i n g  c l a s s e s  in  g e n e r a t i o n  m 

M a t i n g  Class F r e q u e n c y  

I F +u/2- (1 +v/2)/3" 
m 

2 2Fm+ I - F m - 1 + u/2 + (I + v/2)/3 

3 6 F m +  1 - 5F m -  1 - ( u -  4 w ) / 3  

4 2 (1  + 3F m - 4 F m +  1) - 2 (u  + 2 w ) / 3  

5 6 F m +  1 - 5F m - 1 - ( u -  4 w ) / 3  

6 I + 3F m - 4 F m +  I - u / 6  + v / 2 -  4 w / 3  

7 l + 3 F m - 4 F m +  I -  ( u + v ) / 2  

8 2( l+4Fm-5Fm+1 ) -  ( u + 8 w ) / 3 + 0  m**  

9 6 F m + 1  - 5 F m  - I - u / 6  - v / 2  + 8 w / 3  - 0  m 

10 6 F m +  i - S F  m - l - ( u - v ) / 2 + 0  m 

11 2[(u + 2w)/3 -0 m] 

12 2 [(u + Zw)/3 - o m 3 
13 2 [ ( u - 4 w ) / 3 + O  m ]  

14 0 m 

* u = ( 1 / 2 )  m ,  v = ( - 1 / 2 )  m ,  w = ( - 1 / 4 )  m a n d  F i s  
m 

t he  c o e f f i c i e n t  of  i n b r e e d i n g  in  g e n e r a t i o n  m .  

0 m I= 1 if  m = 0  
I = 0 if  m>O. 

T a b l e  5. M a t i n g  t y p e s ,  t h e i r  f r e q u e n c i e s  and  s e t s  of  g e n o t y p e s  g e n e r a t e d  by  e a c h  t ype  

F r e q u e n c y  in  
M a t i n g  t ype  g e n e r a t i o n  n - 1  Z l l  z l 2  z21 z22  z3  

1. a a x a a  2F - 1 + ( 1 / 2 )  n - 1  
n 

2. abxab I +Fn_l- 2Fn- (I/2) n-I 

3. aaxab I +Fn_l- 2Fn- (I/2) n-I 

4. abx aa 2(Fn-Fn_l)- (I/2) n-l+0 n-l* 

5. ab x ac (I/2) n-2 - 2(0 n-l) 

6. ab x cd 0 n-I 

aa,aal Iaa,aal laal {an} fa a ,a a ,a a ,aa t  
aa,bbl laa,bbl Iabt {abt faa,ab,ab,bbt 
aa,aa} Iaa,bbl {aa} tab} taa,ab,aa,ab} 
aa,bb} {aa,aa} labt faa} faa,aa.ab,ab) 

aa,bb} {aa,cc} fabt fac} {aa,ac,ab,bct 
laa,bbi Icc,dd} {abl Icd} lac,ad,bc,bdl 

*0 a / = 1 i f  a = 0 
[ = 0 if  a > 0 .  

p o m ( a b  x c d )  = f F m / 2  + [1 - ( - 1 / 2 ) m ] / 6 t ~ l l  

+ IFm+l-Fm/2-[1-(-1/2)m]/6tZl2 

+ (Fm+l-Fm)Z21 +( l+Fm-2Fm+l)Z  3 �9 

(3) 

The coefficients of inbreeding Fm, m i> 0, may be ob- 

tained from equations (2)since coefficients of inbreed- 

ing by parent-offspring inbreeding follow the same re- 

currence relations as do coefficients of inbreeding un- 

der full-sib mating (Kempthorne, 1957, p. 83). 

S o m e  i n t e r e s t i n g  c o m p a r i s o n s  of  (3 )  w i th  (1)  c a n  b e  

m a d e .  The l a s t  t e r m  i s  e x a c t l y  t he  s a m e  in  b o t h  e x p r e s -  

s i o n s .  C o m p a r i n g  t he  s e c o n d  t e r m  of  (1 )  wi th  t h e  t h i r d  

t e r m  of  (3)  we s e e  t ha t  the  r e c o v e r y  of  p a r e n t a l  g e n o -  

t y p e s  o c c u r  wi th  t he  s a m e  f r e q u e n c y  in  e i t h e r  s y s t e m ,  

but  s u c h  r e c o v e r i e s  a r e  d i v i d e d  e q u a l l y  a m o n g  g e n o t y p e s  

a b  a n d  cd  u n d e r  s i b - m a t i n g  w h e r e a s  o n l y  g e n o t y p e  a b  

i s  r e c o v e r e d  in  a p a r e n t - o f f s p r i n g  s y s t e m .  In (1)  t h e  

g e n o t y p e s  aa ,  bb ,  c c ,  a n d  dd a r e  e q u a l l y  f r e q u e n t  w h e r e -  

a s  in  ( 3 ) ,  e x c e p t  w h e n  re=O, a a  a n d  bb  o c c u r  With g r e a t -  

e r  f r e q u e n c y  t h a n  c c  a n d  dd .  F o r  m ~> 1, a n  e q u i v a l e n t  

e x p r e s s i o n  f o r  t he  c o e f f i c i e n t  of z 1 2  i s  
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IFm_l/2 + [ 1 -  ( 1 - 1 / 2 ) m - 1 ] / 6 } / 2  

which shows that the frequency of cc and dd is always 

half the frequency of aa and bb in the previous gener- 

ation. The asymptotic distribution is (2~iI + z-12)/3, 

i.e., when complete homozygosity is reached two-thirds 

of the descendants are of genotype aa or bb and one- 

third are cc or dd. 

Given any mating in an arbitrary generation, say gen- 

eration n - I, the genotypic array of descendants from 

that mating in generation n+m may be obtained by apply- 

ing the operator (3) to that mating. In so doing, we re- 

lax the restriction that the genes a, b, c, d be noniden- 

tical by descent and instead let them assume the identity 

situation of a particular generation n - I mating. In par- 

ticular, under parent-offspring inbreeding, the mating 

types, their frequencies in generation n- 1 if all rantings 

are of type ab x cd (a, b, c, d nonidentical) in generation 

zero, and the sets Zll , z12 , z21 , z22 , and z 3 condition- 

al on the identity situation of the generation n - 1 parents 

are as shown in Table 5. 

I den t i t y  C o e f f i c i e n t s  B e t w e e n  R e l a t i v e s  

C o n s i d e r  two r e l a t i v e s ,  X and  Y, in a p o s s i b l y  b r a n c h -  

ing  s y s t e m  of  p a r e n t - o f f s p r i n g  i n b r e e d i n g .  To ob ta in  the  

i d e n t i t y  c o e f f i c i e n t s  b e t w e e n  t h e m  it i s  n e c e s s a r y  to 

t r a c e  t h e i r  r e l a t i o n s h i p  to a s e t  o f  p a r e n t s  in  s o m e  g e n e r -  

a t i on ,  s a y  g e n e r a t i o n  n -  1, in which  bo#h p a r e n t s  a r e  

c o m m o n  a n c e s t o r s  of  X and  Y. Note  tha t  i f  X and  Y 

a r e  not  g e n e r a t i o n  n i n d i v i d u a l s ,  t hey  wil l  have  one  ( the  

y o u n g e r  g e n e r a t i o n  n -  1 p a r e n t  u s e d  aga in  in g e n e r a -  

t ion  n ) ,  but not  bo th ,  g e n e r a t i o n  n a n c e s t o r s  i n c o m m o n .  

If bo th  p a r e n t s  in g e n e r a t i o n  n a r e  c o m m o n  a n c e s t o r s  

of  X and  Y, t h e n  g e n e r a t i o n  n - 1  i s  not c o r r e c t l y  i d e n -  

t i f i e d .  Let n + m  and n + k  be the  i n d i c e s  of t he  g e n e r -  

a t i o n s  of  X and  Y, r e s p e c t i v e l y .  In the  c a s e  w h e r e  X i s  

an  a n c e s t o r  of Y, n -  1 wil l  be the  m a t i n g  g e n e r a t i o n  in 

wh ich  X i s  a y o u n g e r  p a r e n t .  Then m will be  equa l  to 

-1 and  we will  de f i ne  F _ I  = - 1 .  The r e a s o n  fo r  d o i n g t h i s  

i s  tha t  we want  m = -1 to g ive  a c o e f f i c i e n t  of uni ty  f o r  

~21 in (3) and  z e r o  c o e f f i c i e n t s  fo r  ~11 '  ~12 '  and ~3" 

This  m a y  at  f i r s t  s e e m  i l l o g i c a l .  H o w e v e r ,  g iven  F 0 = 

= F 1 = 0 and  de f i n ing  P n  = 1 - F n ,  the  r e c u r r e n c e  r e l a -  

t i on  f o r  Pn ( K e m p t h o r n e ,  1957, p .  84) a c t u a l l y  g e n e r a t e s  

P - 1  = 2,  t hus  g iv ing  F _ I  = 1. This  r e s u l t ,  of  c o u r s e ,  h a s  

no p r o b a b i l i s t i c  i n t e r p r e t a t i o n  and  the  on ly  r a t i o n a l e  fo r  

i t s  u s e  i s  t ha t  it  h a p p e n s  to g ive  the  d e s i r e d  r e s u l t  fo r  

m = -1 in (3) and m a k e s  it u n n e c e s s a r y  to dea l  with the  

c a s e  of X an a n c e s t o r  of Y a s  a s p e c i a l  c a s e  u n l e s s  X 

i s  the  " o l d e r "  g e n e r a t i o n  z e r o  p a r e n t .  Note  t ha t ,  f r o m  

(3) and (1) we can  now de f ine  

p o - l ( a b  • cd )  = ab 

FS -1 (ab • cd )  = ( a b + c d ) / 2 .  

F o r  e x a m p l e ,  c o n s i d e r  the  path  d i a g r a m  in F i g .  1. We 

c a n  s u m m a r i z e  t h i s  d i a g r a m  as  f o l l o w s :  

G e n e r a t i o n  Mat ings  O f f s p r i n g  

A X B  C , D  

C X A E , G  

D •  H , I  

E X C J , K  

G X C  L ,M 

H X D N , Q  

I X D  R , S  

Now c o n s i d e r  the fo l lowing  p o s s i b l e  c h o i c e s  of X and 

Y, the  m o s t  r e c e n t  ma t i n g  w h e r e  both  p a r e n t s  a r e  c o m -  

mon  a n c e s t o r s  of  X and  Y and the  r e s u l t i n g  v a l u e s  of  

n - l ,  m and k.  

Generation 

X Y n-1 n-1 mating m k 

J K 2 ExC 0 0 

J L 1 CxA 1 I 

L N 0 AxB 2 2 

E N 0 AxB 1 2 

C N 0 AxB 0 2 

E G 1 C• 0 0 

C D 0 AxB 0 0 

A J 0 A x B  -1 2 

A C 0 A •  -1 0 

C L 1 C • A -1 1 

Deno t ing  the  y o u n g e r  a n c e s t o r  of  X and Y in the  g e n -  

e r a t i o n  n -  1 m a t i n g  by A 1 and the  o l d e r  a n c e s t o r  in  

tha t  m a t i n g  a s  A2, the  g e n o t y p e  of  X i s  a r a n d o m  c h o i c e  

f r o m  the  d i s t r i b u t i o n  of  g e n o t y p e s  g iven  by p O m ( A 1  • 

• A 2 ) .  S i m i l a r l y  Y i s  r a n d o m l y  c h o s e n  f r o m  p o k ( A 1  • 

•  C l e a r l y ,  i f t h e  g e n o t y p e s  of  A 1 and A 2 a r e  known 

o r  if on ly  the  s t a t e  of  i den t i t y  b e t w e e n  t h e m  is  known,  we 
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6eneration 

0 A B 

M N  fl R S 3 J K L 

F i g .  1. P a t h  d i a g r a m  of  p a r e n t - o f f s p r i n g  i n b r e e d i n g  s y s -  
t e m  wi th  b r a n c h i n g  

can  e a s i l y  ob ta in  the  p r o b a b i l i t y  of  any s t a t e  of  iden t i ty  

b e t w e e n  X and Y. The usua l  s i t u a t i o n ,  h o w e v e r ,  is  that  

the  s t a t e  of iden t i ty  of  A 1 and A 2 i s  unknown,  but i s  

r a n d o m l y  c h o s e n  f r o m  a known o r  a s s u m e d  d i s t r i b u t i o n  

of  iden t i ty  s t a t e s .  In o u r  c a s e  th i s  would  be  the  g e n e r -  

a t ion  n - 1 d i s t r i b u t i o n  of  m a t i n g  t y p e s .  The p r o b a b i l i t y  

of  a p a r t i c u l a r  s t a t e  of  i den t i t y  b e t w e e n  X and Y can  be  

o b t a i n e d  by f inding that  p r o b a b i l i t y  fo r  e a c h  p o s s i b l e  

i den t i t y  s t a t e  fo r  A 1 and A 2 and then  t ak ing  the  w e i g h t -  

ed  m e a n  of  t h e s e  p r o b a b i l i t i e s  o v e r  the  d i s t r i b u t i o n  of  

i den t i t y  s t a t e s  ( m a t i n g  t y p e s )  of A 1 and A 2. 

Let 5 s ( i j ) M  be the  iden t i ty  c o e f f i c i e n t ,  5s, 

s = 1, 2, . . . ,  9, cond i t i ona l  on X be ing  a r a n d o m  m e m -  

b e r  of  s e t  z i and Y a r a n d o m  m e m b e r  of  s e t  z j ,  

i , j  = 11, 12, 21, 3; z i and zj  be ing  c o n d i t i o n a l  on a g iven  

g e n e r a t i o n  n -  1 m a t i n g  type ,  M. (Note  tha t  fo r  the  z 's  

which have  two s u b s c r i p t s ,  i o r  j r e p r e s e n t s  the  double  

s u b s c r i p t .  ) F o r m  the  5 s ( i j ) M  into  a 4 • 4 m a t r i x ,  AsM. 

R e m o v i n g  the  cond i t i ona l  m e m b e r s h i p  of  X and Y in 

g i v e n  s e t s ,  

i 

6 s ( . , . ) M  = e X A s M e y  (4) 

w h e r e  

c ~ = l F m / 2 + [  1 7 ( - 1 / 2 ) m ] / 6 ,  F m + l - F m / 2 - [  1 - ( - 1 / 2 ) m ] / 6 ,  

F m + l - F m ,  l + F m - 2 F m + l l  

(5) 

w h e r e  f~.-1)t~ is  the  f r e q u e n c y  of  m a t i n g  type  M in g e n -  

e r a t i o n  n -1  (Table  5) ,  and 

6 
A(n) ~ ,  f ( n - 1 ) .  (7) 

s = -M a s M  " 
M=I 

. ( n )  by 6 (n) We wil l  deno te  the  ( i ,  j ) th e l e m e n t  of  a s s ( i j ) "  

The 5 s ( i j ) M  can  be w r i t t e n  down by i n s p e c t i o n  of  

Table  5. F o r  e x a m p l e  f o r  i = l l ,  j = l l ,  we h a v e  

Mat ing  type  (M) 5 1 ( 1 1 , 1 1 ) M  82(11,  l l ) M  

1. aa  x aa  1 0 

2. ab  X ab 1 /2  1 / 2  

3. aa  • ab 1 0 

4. ab  X aa  1 /2  1 /2  

5. ab X ac  1 /2  1 / 2  

6. ab X cd 1/2  1 /2  

and 5 s ( 1 1 , 1 1 )  M = 0 f o r  s = 3 , . . . , 9  f o r  a l l  M. 

Taking m e a n s  o v e r  the g e n e r a t i o n  n -1  d i s t r i b u t i o n  of  

ma t ing  t y p e s ,  we get  

11,11) : (1 + F n _ l ) / 2  

(n) 
2 ( 1 1 , 1 1 )  = (1 - F n _ l ) / 2  

(n) 
s ( 1 1 , 1 1 )  = 0, s = 3 . . . . .  9 .  

All  of  the  e l e m e n t s  of  the  A (n) m a t r i c e s  a r e  found in 
S 

th i s  m a n n e r .  The r e s u l t i n  G f o r m u l a e  a r e  g i v e n  in the  A~-  

pendix. The matrices A~ n/, A~ n), A~ n)' -8^(n)' and .(n)a9 

are symmetric, whereas A~ n)" and A4~n)" are the trans- 

poses of A~ n) and A~ n) r e s p e c t i v e l y .  

The 6's for the case where X is the "older" gener- 

ation zero parent and Y is a generation k+ 1 offspring are 

not obtainable from (6). However these are easily ob- 

tained from (3) as 

51 = 52=  53= 54=  57 = 0  

5 6 : F k l 2  + [ 1 -  (-112)k'1/6 

and Cy has the same form as e x with m replaced by 85 : Fk+l 86 

k. Finally, removing the conditioning O n mating type, 
6 58 1 + F k 2 F k +  1 

f n-1)c k cy ' "(n)c (6) = AsM = c X a s y 
M : I  59 : F k + l -  F k "  
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Any o t h e r  c a s e  involving an o l d e r  pa ren t  can be ob -  

t a ined  f rom (6) because ,  for  n ~> 1, the o l d e r  pa ren t  in 

gene ra t i on  n i s  the younger  pa ren t  in gene ra t ion  n -  1. 

The a l g o r i t h m  for obta ining the ident i ty  coef f ic ien ts  

be tween  r e l a t i v e s  X and Y can now be s u m m a r i z e d :  

1. F i r s t  d e t e r m i n e  gene ra t ion  n - l ,  i . e . ,  find the 

most  r ecen t  mat ing  in which both p a r e n t s  a r e  common 

ancestors of X and Y. Then generation n- 1 is the gen- 

eration of the younger parent in that mating. That is, n 

is the generation of the offspring of the mating so identi- 

fied. If X is an ancestor of Y, then n-I is the gener- 

ation to which X belongs. 

2. Determine the generations, n+m and n+k, of X 

and Y respectively, and solve for m and k. 

3. Obtain the matrices A (n), s: 1,2,...,9, which 
S 

depend on n. 

4. Using (5) obtain the vectors c x and Cy which de- 

pend only on m and k, respectively. If m or k = -I 

(which will happen if one relative is an ancestor of the 

other), set F -I equal to -1. 

5. Calculate the identity coefficients using (6). 

To illustrate, consider a generation 4 uncle (X) and 

generation 8 nephew (Y). Then n=4, m=0, k=4. From 

(2) the inbreeding coefficients needed are: 

F : 1/2 
n 

Fn_ 1 : 3/8 

F =0 
m 

Fm+ 1 = 0 

F k = 1 / 2  

Fk+ 1 = 19/32 

Fn+ k -- 201 /256 .  

.: , ~i ~ 

The ~[n): matrices, using the equations from the Appen- 
S 

dix, 

0 0 

( 4 )  ( 4 ) '  0 0 
A 3 = ,~ ~ = 

0 0 

0 0 

0 0 

a(4) A~4)' 0 0 
4 = = 

0 0 

0 0 

0 0 

A(4) 0 
7 = 

sym �9 

I ~ ~ 
A~4) = 0 

s y m  �9 

A~ 4) = zero m a t r i x .  

Using ( 5 )  : 

c x (o,o,o,1); 
r Cy-- (13/32, 3/16, 3/32, 5/16). 

-(4)Oy -- 331/1024 61 = CX,~ 1 '  

(4)0 = 13/128 62 = c~XA 2 y 

(4) 
53 = O~(A 3 Cy = 21/256 

(4)e  = 5/1024 64 : e2XA 4 y 

' h ( 4 ) c v  163/512 65=0X 5 _ 

' (4)0 - 43/1024 66 : c x A 6 y - 

' ~ 4 ) e y  87 : 0 x A : 89/1024 

, A(4)~ = 21/512 68 : CX 8 ~Y 

8 9 = 0 .  

s/8 7/16] 
1/2 3/8 
0 1/8 | 

1/4 3 / 1 6 J  

o 1/16 ] 
1/8o 1~16 / 

0 1 / 6 4 J  

0 0 

0 0 

518 114 
13/64 

0 0 

0 0 

o 1/8 
3 / 3 2  

a(4) 2 

I 
l l / 1 6  1 / 2  3 / 8  3 / 8  

= s/8 1/4 11/32 
3/8 1/4 

[sym. 17/64 

[ ~ / 1 6  1 / 2  0 1/8 
= 3/8 1/8 7/32 

0 0 

sym. 1/32 

Covariances Between Relatives 

Using a model described by Cornelius and Dudley (1975) 

which provides for additive and dominance effects but 

assumes no epistasis or linkage, the covariance between 

relatives X and Y is 

cov(x,Y) = 61o2 + (~1 § %-FxFy)~+ C(63 + ~)/2]c 

2 (8) + (57+68/2)32+67c~ D 
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w h e r e  

FX, Fy are the coefficients of inbreeding of X and Y, 

respectively ; 

c~ A and ~ are the additive genetic variance and domi- 

nance variances, respectively, in the original 

random mating population; 
2 

c~= is the (additive) genetic variance in a completely ho- 

mozygous population resulting from inbreeding 

the original population without selection; 

C is twice the sum over loci of the covariance of the 

effect of a gene at a given locus in the homozy- 

gous population with its additive effect in the orig- 

inal population; and 

loc i  
w h e r e  the Pi a r e  gene  f r e q u e n c i e s  and di i  i s  

the d o m i n a n c e  d e v i a t i o n  of  geno type  A.A. in the  
1 1 

o r i g i n a l  popu la t i on .  The quan t i ty  E Pidi i  i s  the  
1 

c o n t r i b u t i o n  of the  g iven  l o c u s  to the d i f f e r e n c e  

b e t w e e n  the  m e a n  of  o r i g i n a l  and c o m p l e t e l y  h o -  

m o z y g o u s  p o p u l a t i o n s .  

F o r m u l a  (8) fo l lows  i m m e d i a t e l y  f r o m  the  d e f i n i t i o n s  

of the components and the identity states. A lengthier der- 

ivation is given by Cornelius and Dudley (1975). They 

also relate the parameters in (8) to a parameterization 

developed by Harris (1964). The covariance components 

in (8) were previously described by Kempthorne (1957, 

S e c t i o n  1 7 . 1 1 ) .  His  V= i s  o u r  cr i .  

In the  c o v a r i a n c e  of  g e n e r a t i o n  4 unc l e  and g e n e r a -  

t ion  8 nephew ( e x a m p l e  of  p r e v i o u s  s e c t i o n ) :  

c o e f f i c i e n t  of  2 = 81 = 3 3 1 / 1 0 2 4 ;  

c o e f f i c i e n t  of  ~ i  = 61 + 5 2 - F 4 F 8  

= 331/1024 + 13/128 - (1/2)(201/256) 

= 3 3 / 1 0 2 4 ;  

c o e f f i c i e n t  of  C = (63 + 55)/2 

= (21 /256  + 163/512)/2 

= 205/1024 

coefficient of a 2 = 87 + 68/2 

= 89/1024 + (21 /512) ( I /2 )  

= 110 /1024 ;  

o~) = 67 = 89 /1024 .  c o e f f i c i e n t  o f  

So the covariance of generation 4 uncle and genera- 

tion 8 nephew in a parent-offspring inbreeding system is 

(331/1024)o~+ (33/1024)~+(205/1024)c +(110/1024)o~ 
+ ( 8 9 / 1 0 2 4 ) ~ .  

F o r  a o n e - l o c u s  mode l  wi th  two a l l e l e s ,  A and a,  with 

gene  f r e q u e n c i e s  p and q = 1 - p ,  r e s p e c t i v e l y ,  

2 2 ~= = pqy 

2 2 2 2 2  
~= = a D = p q x 

C = pqy2 + p q ( p - q ) x y  

2 = o A [Pqy2+2pq(P-q)xy + Pq (P-q) 2x2 ]/2 (9) 

where 

y = AA - aa 

x = AA + aa - 2Aa 

in which ,  to c a l c u l a t e  y and x, g e n o t y p i c  v a l u e s  a r e  

s u b s t i t u t e d  fo r  the g e n o t y p e s  ( K e m p t h o r n e ,  1957, C h a p -  

t e r  17;  C o r n e l i u s  and Dudley ,  1975) .  Us ing  (9) it has  

been  v e r i f i e d  that  H o r n e r ' s  r e s u l t s  fo r  the  c o v a r i a n c e s  

of  p a r e n t  and o f f s p r i n g  and of full  s ib s  a g r e e  with (8) 

wi th  the  iden t i ty  c o e f f i c i e n t s  c a l c u l a t e d  by the  a l g o r i t h m  

d e v e l o p e d  h e r e .  

C o v a r i a n c e s  Useful  in A p p l i c a t i o n s  

The u t i l i t y  of  e s t i m a t e s  of  the  c o v a r i a n c e  c o m p o n e n t s  i s  

d i s c u s s e d  by C o r n e l i u s  and Dudley  (1975) and app l i ed  by 

C o r n e l i u s  (1972) to p r o b l e m s  of  p r e d i c t i n g  r e s p o n s e  to 

s e l e c t i o n  in an i n b r e e d i n g  p r o g r a m  and c h o o s i n g  an in -  

b r e e d i n g  s y s t e m .  F o r  s i m i l a r  a p p l i c a t i o n s  in r e g a r d  to 

a p a r e n t - o f f s p r i n g  i n b r e e d i n g  s y s t e m  s o m e  usefu l  c o v a r -  

iances a r e  : 

1. C o v a r i a n c e  of  a g e n e r a t i o n  n - 1  y o u n g e r  p a r e n t  

and c o m p l e t e l y  h o m o z y g o u s  d e s c e n d a n t s  : 

l i m  C o v ( P o - l ( M n _ l  ), p o m ( M n _ l  )) = { F n _ l - E ( l + F n _  1 
m--~ r 

- 2 F n ) / 2 -  (1/2)n'1/3}c2~+ I - (1-Fn_l ) /2- (1/2)n/3" lC 

(lO) 

w h e r e  Mn_ 1 i s  a r a n d o m l y  c h o s e n  g e n e r a t i o n  n -1  m a t -  

i ng .  

2. C o v a r i a n c e  of  the  m e a n  of  a g e n e r a t i o n  n ful i-sib 

family and its completely hornozygous descendants (equi- 

valenttooovariance of generation n uncle and generation 

= nephew) : 
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lim Cov (po0 (Mn_ 1 ) ,pom (Mn_l))={(4Fn-l+0n-1/4)/3 
m--~ 

+(1/2)n+1] 2 2 a~+ { (Fn-Fn_l-  (1/2)n+0n-1/2)/31 ~ 

+ { [(3+Fn_1-4 Fn ) /2 - (1 /2 )n ] /3  } C (11) 

3. Covariance of mid-parent value in generation n-I 

and completely homozygous descendants: 

lira Cov [FS- 1 (Mn_l),  pom (Mn_ 1)] =[(22 Fn- 3 Fn_ 1-7)/12 

+ (1/2)n+l+on-1/3]al  

+ [ (3+Fn_l-4 Fn) /4-  (1/2)n+ 1 

-0n-1/4]  C (12) 

Covariances involving average genotypic values of 

progeny (general combining ability) resulting from mat- 

ing an individual or a family at random with the popula- 

tion are also of interest. The array of progeny of such 

matings may be represented by Kempthorne's random 

mating operator R(. ) in which the argument may be any 

given array of genotypes and the operator generates the 

array of progeny when that array of genotypes is mated 

at random with the population. In particular, R(PO -I 

(Mn_ I ) ) is the array of progeny resulting from mating 

a randomly chosen generation n- I younger parent at 

random with the population. R (FS- I ( Mn - I ) ) generates 

the array of progeny resulting from taking both parents 

of a randomly chosen generation n -  I mating and mat- 

ing them at random with the population. I~(pO0(Mn_I ) ) 

generates the array of progeny resulting from taking a 

randomly chosen generation n family of full sibs and mat- 

ing them at random to the population. In general, it is 

easily seen from the definition of the 6's and the covariance 

components that, for relatives X and Y 

C o v ( X , R ( Y ) )  : (61/2+63/4)C + [(65+67)/2+68/4] a ~  

(13) 
Cov(X,R(X)) = (Fx/2)C + [(I-Fx)/2] cr 2 (14 )  

These are general formulae which apply to any system of 

inbreeding. (Note that Cov(R(X),Y) is obtained by in- 

terchanging 53 and 65 in (13).) Thus, if a plant or ani- 

mal breeder is selecting on the basis of inbred perform- 

ance of individuals or families, but wishes to predict res- 

ponse in general combining ability as a result of selection, 

obtaining the relevant covariances is reduced to the prob- 

lem of obtaining the 6's. 

Numerical Results 

A FORTRAN IV program has been written to generate 

identity coefficients and coefficients of the components 

of covariance for all possible relatives (ancestor-des- 

cendant, uncle-nephew removed by one or more gener- 

ations, full sibs, cousins) up to the eighth generation of 

a younger parent-offspring inbreeding system. The pro- 

gram or its results are available to interested readers. 
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Appendix 

The a (n) matrices in (6)and (7) are of the form 
S 

(n) .(n) ,(n) 5(n) 
s(ll,11) ~ ~ s(ll,3) 

6(n) 6(n) o(n) . o(n) _ 
s(12,11) s(12,12) ~ ~ 

(n) .(n) .(n) . o(n) 
s(21,11) ~ ~ ~ 

6( n ) 6(n) 6(n) 6(n) 
s(3,11) s(3,12) s(3,21) s(3,3)  

We have already noted that 41, 
symmetric, and 

A 3 = A~ 

A 4 = A '  - 6 

42, AT, 48, and A 9 are 
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Therefore only the upper triangle of each matrix will be 
given. Let u = (I/2) n �9 Then we have: 

For a ~ n ) :  

(n )  
1 (11  11) = 
(n) 
l(ll 12) : 
(n) 
1 ( 1 1 , 2 1 )  = 

6 ( n )  
I(II 3) = 

~(n) 
1(12,12) : 
( n )  
1 ( 1 2 , 2 1 )  = 

8(n) 
1(12 ,3)  = 
( n )  
1(21 21) = 
(n) 
1(21 3) = 

~(n) , 
1(3 ,3 )  = 

For a ~ n ) :  

~ ( n )  
2(11 ii) = 

~(n) 
2(11  12) = 

5(n) 
2(11  21) = 

6 (n )  
2(11 3) = 
(n)  
2(12 ,12)  = 

6 ( n )  
2 ( 1 2 , 2 1 )  ~ 

6 ( n )  
2 ( 1 2 , 3 )  = 

5 ( n )  
2(3 ,3 )  : 

F o r  a ~ n ) :  

(1 + F n _ l ) / 2  ; 

F n ;  

F n _ l ;  

( 4 F  n + F n _  1 - I + 2 u ) / 4 ;  

2 F  n - F n _  1 + 0 n - 1 / 2 ;  

( g F  n + F n _  1 - I + 2 u ) / 2 ;  

( 4 F  n - F n _  1 -  1 + u ) / 2  + 0 n - 1 / 4 ;  

F n _ l ;  

( 2 F  n + Fn_ I - I + 2 u ) / 2 ;  

( 1 4 F  n - F n _  1 - 5 ) / 8  + u + 0 n - l / 8 .  

(1 - F n _ l ) / 2  ; 

1 - Fn; 

( n )  o(n) 
2(21,21)  = ~  : 0 ;  

( 1  - F n _ l ) / 4  - u / 2 ;  

I + Fn_  1 - 2F n - 0n-l/g; 

(1 + F n _  1 - 2Fn)/2 - u ;  

( 1  - Fn_l)/2 - 3u/2 + 0 n - 1 / 4 ;  

6(n)  2(12,21)/4 �9 

n) 
( i , j )  = 0 if  j = l l  o r  12;  

(n) 
3(11,21) = I - Fn_l; 

: ' -  

~ ( n )  
3 ( 1 2 , 2 1 )  = 1 - F n _  1 - 2u ;  
(n )  
3 ( 1 2 , 3 )  = 1 + F n _  1 - 2 F n ;  

~ ( n )  
3(21 ,21 )  : O; 

~ ( n )  = (1  - 2 - u 3(21 ,3 )  + Fn-I Fn)/2 ; 

~ ( n )  = (1  - F ) / 2  - u .  
3 (3 ,3 )  n 

For &~n) : 

5(n) 
4 ( i , j )  =0 if i=21 or j=ll or 12; 

(n) 
4(11,21) = 0; 
(n )  
4 ( 1 1 , 3 )  = u ;  

(n) 
84(12,21) = 2u; 

( n )  0 n - 1 / 2 ;  
6 4 ( 1 2 , 3  ) = u - 

3,3)  : (gu - 0 n - 1 ) / 8 .  

For a~ n) : 

6(n) - 5(n) 5 ( i , i )  3 ( i , i ) '  i =  11, 12, 21, 3;  

6( n ) 5(i,j) = 0 if i--II or 12; 

(n) 
5 ( 2 1 , 3 )  = (1 - F n _ l ) / 2  - u. 

For A~ n) : 

The only non-zero element in the upper triangle is 

5~) =(n) 
3,3)  = u4(3 ,3 ) "  

For &$n) : 

(n) 
7(i,j) = O if i or j=ll or 12; 

(n) 
7(21,21) = 1 - Fn_l; 
(n) 
7(21,3) = (i - Fn_l)/2 - u; 

(n) = (I - F )/2 - 3u/4 + 0n-I/8. 
7 ( 3 , 3 )  n 

For A~ n) : 

~ ( n )  
8 ( i , j )  = 0 i f  i o r  j = i i  o r  12;  

5~ n) 
(21,3) = 2u; 

6 (n) = (6u - on-1)/4. 
(3 ,3 )  

For &~n) : 

All elements are zero except 

: 

Also of possible use are cases where X or Ysz~2 (e.g. 
in finding covariances involving mid-parent values). 
Consideration of these possibilities is equivalent to aug- 
menting the &~n) matrices with another row and column. 
The additional columns are 

A~n): 

(n) -F - 1+u+0n-I/2; 
61(11,22) = 3Fn n-1 
(n) =(n) 

61(12,22) = ~ (22, 22) =4Fn-gFn-l- l+0n-1; 

,(n) - 1 + u + 0n-I/2 
oi(3,22 ) = 3F n - Fn_ 1 
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a~n): 

~(n) 
2 ( 1 1 , 2 2 )  = F n  - F n - 1  - u + 0 n - 1 / 2 ;  
(n) 
2(i,22) = 0, i=12, 21, 3, 22. 

~ n ) :  

6 ~ 1 1 , 2 2 )  = 2 ( l + F n _ l - 2 F n ) - 2 u - 0 n - 1 ;  

(n)  = 6(n)  
63(12,22) 3(11,22) + 2u;  

(n)  
3 ( 2 1 , 2 2 )  = 1 + F n - 1  - 2 F n - 2 U ;  
(n) ~(n) 
3(3,22) = ~3(11,22)/2; 
(n) 
3(22,22) = O. 

a(n). 
4 " 

(n)  
4 ( 1 1 , 2 2 )  = 2u~ 

6(n)  4(i,22) = 0, i=12, 21, 3, 22. 

t~n): 

(n) 
5 ( i , 2 2 )  = O, i=ll, 12, 22; 

(n) = 2 (F  n ) - 2u 0 n -1  
5(21,22) - F n - 1  + ; 
(n )  ~(n)  
5(3,22) = ~ 

a~n): 

(n) 
6(i,22) = 0, i=11, 12, 21, 3, 22. 

A(n) 
7 : 

6(n) 
7(i,22) = 0, i=11,12; 

(n) - 2u; 
7(21,22) = 1 + Fn_ 1 - 2F n 

(n) - u + 0n-1/2; 
7(3,22) = 1 + Fn_ 1 - 2F n 

(n) on-1 = 2(1 - 2Fn)- 67(22,22) + Fn_ I 

a ~ n ) :  

6~ 22) =0, i=II,12,22; 

(n) = 4u - 2~0n-1);'" 
68(21,22) 
~(n) 
8(3,22) = 2u. 

~n). 

(n)  
9 ( i , 2 2 )  = 0, i = 1 1 ,  12, 3, 22; 

(n) = 0 n - 1 .  
9(21,22) 

The reader may easily verify that 

9 

E 4 
i=1 

is a matrix with all elements equal to unity. 
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